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The deformation energies for fissioning nuclei in the actinide region are calculated using the Strutinsky 
shell-correction method. Instability of the second barr iers against an asymmetric shape degree of free- 
dom is found in agreement with Mb[ier "rod Nilsson. The inclusion of these asymmetric deformations im- 
proves the agreement between calculated and experimental barr ier  heights. The asymmetries found have 
the correct magnitude in order to explain the experimental mass ratios of the fission fragments. 
S t rut insky 's  suggest ion [1] to spl it  the nuc lear  
binding energy into a smooth average  and a 
rapid ly vary ing  shel l  cor rec t ion  energy prov ides  
a powerfu l  tool for the ca lcu lat ion of nuc lear  
ground state and deformat ion  energ ies .  The fact,  
that the shel l  cor rec t ion  energy def ined in this 
method depends mainly on the s ing le -par t i c le  
leve ls  near  the Fermi  energy,  a l lows the use of 
re la t ive ly  s imple  s ing le -par t i c le  models .  Such 
ca lcu lat ions  have been per fo rmed by severa l  
groups using quite d i f ferent  potent ia ls  [2-6]. The 
ground state deformat ions  of the nuclei  in the 
reg ions  of the lanthanides and act in ides ca lcu l -  
ated by the d i f ferent  groups agree  quite wel l  and 
also reproduce  the exper imenta l  resu l t s  in a 
sat i s fac tory  way. For  la rger  de format ions ,  the 
resu l t s  agree  qual i tat ive ly  in as much as al l  
authors  obtain a second local  min imum in the 
deformat ion  energy for  the nucle i ,  of which a 
f i ss ion i somer  has been observed.  In some 
cases ,  however ,  the second bar r ie r  turned out 
to be too high as compared  to the f i rs t  bar r ie r ,  
when compar i son  was made to exper iments  [7]. 
So far ,  a l l  ca lcu lat ions  ment ioned above [2-6] 
have been done for shapes of the nucleus,  which 
are  symmetr i c  under re f lect ion  at a plane per -  
pend icu lar  to the f i ss ion axis.  Recent ly ,  M5l ler  
and Ni lsson [8] have repor ted  on ca lcu lat ions  
with re f lec t ion -asymmetr i c  shapes.  They found 
for  most  of the act in ide nuclei  the outer  saddle 
point of the energy sur face  to be unstable against  
a suitable combinat ion of 1)3 - and P5-de forma-  
t ions,  whi le the inner  bar r ie r  as wel l  as the 
second min imum were  stable against  these de-  
fo rmat ions .  
In the present  le t ter ,  we present  some s imi la r  
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and more  complete  ca lcu lat ions  which support 
the resu l t s  obtained by M(~ller and Ni lsson [8]. 
We ca lcu late  the deformat ion  energy W of a 
nucleus accord ing to the prescr ip t ion  of 
Strut insky [1] as 
W = ELD + 5U+ 5P. (1) 
ELD is the l iquid drop energy of the de formed 
nucleus - normal i zed  to be zero  at spher ica l  
shape - and 5U and 5P are  the energy shel l  
cor rec t ion  and the BCS-pa i r ing  cor rec t ion ,  re -  
spect ive ly ,  both being sums of p ro ton-  and 
neutron contr ibut ions.  The single par t i c le  ener -  
gy leve ls  needed for  the ca lcu lat ion of 5 U and 5P 
were  obtained by shel l  model  ca lcu lat ions  with a 
de formed Woods-Saxon potent ia l  [9]. For  deta i ls  
of the l iquid drop model  and for some changes of 
the method descr ibed  in ref .  [9] for  the ca lcu la -  
t ion of the s ing le -par t i c le  leve ls ,  we re fer  to a 
la rger ,  fo r thcoming publ icat ion which co l lec ts  
and repor ts  the resu l t s  of the work done by the 
group in Copenhagen during the last  two years  
[10]. 
The shape of the nuc lear  sur face,  which is 
supposed to be axia l ly  symmetr i c  around the 
f i ss ion  axis (z -ax is ) ,  is descr ibed  by the equa-  
t ion 
2 p = (C 2 -Zu) [A+B(Z/ 'C )  2 + ~(Z/C)] (2) 
is the usual  cy l indr ica l  co -ord inates  p, z ,¢  ; p, z 
and c a re  measured  in units of the nuc lear  rad ius  
R o = foa l /3 .  For  ~ = 0, the parameters  A,B ,c  
descr ibe  shapes which are  symmetr i c  under re -  
f lect ion at the plane z =0, 2cR o being the length 
of the nucleus along the z -ax is .  If ~ :B=0,  eq. (2) 
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Fig.1. Potential energy surfaces of 240pu in the (c, h)- 
plane, calculated for symmetr ic  shapes (or-0). Above: 
Liquid drop energy ELD, normalized to zero at spheri -  
cal shape (c = 1, h = 0). Below: Total deformation ener-  
g5 ~ W[eq. (1)]. The equidistance of the solid lines is 
2 MeV. regions below +2 MeV are shadowed. 
Pu 240 (along h=O) o.o  ,\ 
o., 
,.3 ,.4 ,.5 , .s ,., 
c 
Fig.2.Deformation energy W of 240pu in the (c,Ot)- 
plane, calculated for h=0. The equidistanee of the con- 
tour lines is 1 MeV. The dashed line shows the path, 
along which the energy is minimal in the ~-direct ion.  
descr ibes  pure  e l l ipso ida l  shapes  with the two 
ha l f -ax is  cR o and cRo~-A.  B > 0 leads  to necked-  
in and B < 0 to lemon- l i ke  shapes .  F ina l ly ,  for  
A ~< 0 and B > 0, the nuc leus  is  separated  into 
two f ragments .  The parameter  a descr ibes  re -  
f lec t ion -asymmetr ic  shapes .  The vo lume conser -  
vat ion  cond i t ion  reduces  the number  of f ree  
shape  parameters  f rom four  to th ree  by the re la -  
t ion  
1/C  3 = A + ~B . (3) 
As  the three  f ree  shape  parameters  we choose  
the e longat ion  parameter  c,  the neck  parameter  
h, def ined by 
1 1 (C  - 1) (4)  h = ~B-~ 
and the asymmetry  parameter  a .  The neckpara -  
meter  h (4) is  chosen  in such a way, that  the l ine  
h = 0 in the (c, h ) -p lane  approx imate ly  f i ts  the so -  
ca l led  l iqu id drop va l ley  for  the nuc le i  in the 
ac t in ide  reg ion  [10]. Th is  can  be seen  in f ig. 1, 
above,  where  we show the l iqu id drop energy  
sur face  of 240pu,  ca lcu la ted  for  symmetr ic  
shapes  (a = 0) 
The  lower  map in f ig. 1 shows the to ta l  de for -  
mat ion  energy  of the  same nuc leus ,  inc lud ing the 
she l l  cor rec t ions  accord ing  to eq. (1). One rec -  
ogn izes  the ground s ta te  reg ion  with a loca l  
min imum of -2.5 MeV,  the i somer  min imum at 
~0.0  MeV and the two bar r ie rs  with sadd lepo in ts  
at  +3 and +5 MeV. The  bar r ie r  he ights  measured  
f rom the ground s tate  are  thus  5.5 MeV and 
7.5 MeV for  the inner  and outer  bar r ie r ,  respec-  
t ive ly ,  whereas  an ana lys i s  of the exper imenta l  
resu l t s  by B j0rnho lm [7] c la ims  5.8 MeV and 
5.4 MeV, thus  the outer  bar r ie r  be ing  even  some-  
what  smal le r  than  the inner  one. Th is  d i sc rep-  
ancy resu l t s  for  most  of the ca lcu la ted  act in ide  
nuc le i :  the outer  bar r ie r  is  sys temat ica l ly  too 
high.  It should  be not iced,  that  the bar r ie r  
he ights  a re  main ly  determined  by the she l l  cor -  
rec t ions ,  the l iquid drop energy  only amount ing  
to about  one th i rd  or  less  of the tota l  f i ss ion  
thresho lds .  There fore ,  the  d i sc repancy  men-  
t ioned above cannot  be removed above cannot  be 
removed by a new f it  of the l iquid drop mode l  
parameters .  
The p ic ture  changes  apprec iab ly ,  if the re -  
f lec t ion -asymmetr ic  de format ions  (a¢  0) a re  a lso  
taken  into account .  In fig. 2 we show the contour  
map of the energy  sur face  in the (c, a ) -p lane ,  
ca lcu la ted  for  a constant  va lue  of the neck  para -  
meter  (h= 0). It can  be seen  that  the shapes  with 
c < 1.4 a re  s tab le  aga ins t  asymmetry  ( lowest  
energy  at a = 0). At  c ~1.4 ,  cor respond ing  to a 
po int  near  the second min imum,  the ins tab i l i ty  
onsets  and increases  s t rong ly  on the way up to 
the second bar r ie r .  The  dashed path in the land-  
scape  of fig. 2 shows the locus  of min imal  de for -  
mat ion  energ ies .  It leads  around the second 
sadd le  point ,  l ower ing  the max imum by about  
2.5 MeV. Th is  resu l t  is qua l i ta t ive ly  in agree-  
ment  with the repor t  by M~l le r  and N i l sson  [8]. 
It i s ,  however ,  not cer ta in  at a l l ,  that  the 
pos i t ion  of the second sadd le  po int  in the sub-  
space  of symmetr ic  shape  degrees  of f reedom 
remains  the same when the asymmetr ic  degree  
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Fig.3. Deformation energy of 240pu in the (c.h)-plane. 
Above: Part of the energ3' surface shown in fig.1 (below) 
for symmetr ic shapes. Below: The same part of the 
surface, but the energy is minimized in each point (c,h) 
with respect toff.  Equidistance of the contour lines: 
1 MeV. The outer saddle ooint is lowered by the asym- 
metry by 2 MeV and shifted in the (c. h )-plane from the 
point (1.62, -0.05) to the point (1.55. 0.02). 
Pu 240 saddle point shapes 
t t ~t 
- -  c< = 013, c=1.55, h=0B15 
. . . . .  tx= 0.0, c=1.62, h= -0.04 
F ig.4.  Shape of the nucleus 240pu at the second sadd|e 
point, Full curve: calculated for asymmetr ic  deforma- 
tions: dashed curve: for symmetr ic deformations. The 
values of the deformation parameters  are given in the 
figure. 
is taken  into account .  Thus  one has  to per fo rm 
the same ca lcu la t ions  for  a l l  va lues  of the neck 
parameter  h within the reg ion  of in teres t ,  i .e . ,  
one has  to min imize  the energy  with respect  to 
c~ in al l  po in ts  of the p lane  (c, h) of symmetr ica l  
de format ions .  In fig. 3 we present  the resu l t  of 
such a ca lcu la t ion  for  240pu.  The upper  map 
shows a par t  of the energy  sur face  fo r  symmetr ic  
shapes  (a-~ 0). A reg ion  of de format ion  is chosen  
which conta ins  the second min imum and the 
outer  bar r ie r .  The lower  par t  of fig. 3 shows the 
same par t  of the energy  sur face ,  but here  the 
energy  is min imized  with respect  to c~ in each 
point  (c, h). The min imum reg ion  is not a f fec ted  
by the assymmetry ,  i .e. ,  it is  s tab le .  At la rger  
de format ions ,  however ,  the energy  is lowered  
by severa l  MeV. Due to the asymmetry  of the 
shape,  the outer  sadd le  point  decreases  by 
about 2 MeV and has  now - with 2.8 MeV - about 
the same energy  as  the inner  sadd le  point ,  which 
is in c lose  agreement  with ref .  [7]. It should a lso  
be rea l i zed  that  the pos i t ion  of the outer  sadd le  
point  in the (c, h ) -p lane  is sh i f ted  by the asym-  
metry  towards  a de format ion  with smal le r  e lon-  
gat ion and smal le r  neck rad ius .  
In fig. 4 we present  the two shapes  at the sec -  
ond saddle  point  of the 240pu nuc leus ,  as  ca lcu l -  
a ted  for  symmetr ic  (dashed l ine) and asymmetr ic  
(full l ine) de format ions ,  respect ive ly .  
We did the same ca lcu la t ions  for  a ser ies  of 
o ther  nuc le i  in the act in ide  reg ion.  Summing up 
the resu l t s ,  we can s ta te  the fo l lowing po ints :  
(i) The symmetr ic  shapes  in the whole reg ion  
f rom the ground s tate  up to the i somer  s tate  
( second min imum)  are  s tab le  aga ins t  our  asym-  
metr i c  de format ions  for  a l l  ac t in ides .  
(ii) The shapes  in the reg ion  of the second 
bar r ie r  and beyond it ( sc i ss ion  region)  a re  un-  
s tab le  aga ins t  asymmetr ic  de format ions  for  a l l  
ac t in ides  heav ier  than 228Ra. The sadd le  po int  
energy  is lowered  by up to 3 MeV. The pos i t ion  
of the outer  sadd le  point  in the (c, h ) -p lane  is ,  
th roughout  he ac t in ide  reg ion,  sh i f ted  towards  
a de format ion  with smal le r  e longat ion  (c) and 
smal le r  neck  rad ius  ( la rger  h). 
(iii) The re la t ive  he ights  of the two bar r ie rs  
a re  now in much bet ter  agreement  with exper i -  
ment  than for  symmetr ic  shapes  a lone.  
(iv) For  228Ra, the reg ion  of ascent  between 
the second min imum and the second bar r ie r  is  
s l ight ly  unstab le  aga ins t  asymmetry ,  but the 
second sadd le  po int  is a lmost  and the reg ion  
beyond it is complete ly  symmetr ic .  The same 
is the case  for  210Po,  but there  the second sad-  
dle point  is complete ly  s tab le .  
(v) The va lue of the asymmetry  parameter  c~, 
at which the energy  is  min imal ,  is in a l l  cases  
not la rger  than ~ = 0.2. 
It should  be noted,  that the ins tab i l i ty  of the 
outer  bar r ie r  for  the ac t in ides ,  found in our  
ca lcu la t ions  as wel l  as  in ref .  [8], is due only to 
she l l  e f fects .  It is a we l l -known feature  of the 
l iquid drop mode l  to favour  re f lec t ion -symmetr ic  
shapes  (see,  eog., re fs .  [11,12]) .  
It is an impor tant  point  to invest igate ,  how 
these  resu l t s  a re  re la ted  to the mass  ra t ios  of 
the f i ss ion  f ragments .  A r igorous  answer  to th i s  
quest ion  can,  of course ,  only be g iven in a 
dynamica l  t reatment  of the f i ss ion  process .  
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Fig.5. Est imated mass ratio X [eq. (5)] of 240pu. pLot- 
ted against c along a straight line from the second 
minimum through the outer saddle in the minimized 
energy surface (lower map in fig. 3). A tr iangle marks 
the saddle point; the cross on the r ight-hand side shows 
the experimental  mass ratio (mH/mL)ex p of the f ission 
fragments. 
Never the less ,  one can  t ry  to es t imate  rough ly  
the mass  ra t ios  us ing  our  resu l t s  of the potent ia l  
de format ion  energy  only. There  are  reasons  to 
be l ieve  that  sc i ss ion  of the nuc leus  occurs  at  
de format ions  with an e longat ion  c ~ 1 .6 -  1.7 
[10, 12]. For  these  shapes ,  the mass  ra t io  of the 
fo rming  f ragments  may rough ly  be approx imated  
by the quant i ty  
cP2(Z) dZ0~P c3), 
3 2(Z) dZ = (1 + 83-a c3)/ (1 -~- a X = 
which is  def ined as  the ra t io  of the  two par ts  of 
the  nuc leus  obta ined  by in tersect ing  it by the 
p lane  z = 0. F ig.  5 d i sp lays  X as  a funct ion  of c, 
eva luated  a long a s t ra ight  l ine in the asymmetr ic  
energy  sur face  of 240pu ( lower  map in fig. 3), 
which connects  the second min imum with the 
outer  sadd le  point .  The curve  r i ses  s teep ly  f rom 
i t s  in i t ia l  va lue  × = 1.0 to the va lue  at the sadd le  
po int  - marked  by a t r iang le  - and then  f luc -  
tuates  weakly a round a va lue  of X = 1.43, be ing  in 
reasonab le  agreement  with the exper imenta l  
va lue  of (mH/mL)  , marked  by a c ross .  S imi la r  
ca lcu la t ions  were  done for  10 o ther  f i ss ion ing  
nuc le i .  The  resu l t s  a re  compi led  in tab le  1. The  
second co lumn shows the va lues  of × found at the 
outer  sadd le  po int ,  the  th i rd  co lumn conta ins  the 
average  va lues  of × obta ined  in the sc i ss ion  
reg ion  (1.6 ~< c < 1.7). The f luc tuat ions  around 
these  va lues ,  due to var ia t ions  of the t ra jec tor ies  
chosen  in the energy  sur face ,  a re  ind icated  by 
the er ror  l im i ts .  The  exper imenta l  va lues  in 
co lumn 4, taken  f rom ref .  [13], l ie  wi th in  these  
l im i ts  for  a l l  the invest igated  nuc le i  except  
232Th. However ,  the  abso lu te  va lues  of the 
es t imated  mass  ra t ios  may be less  s ign i f i cant  
than  the i r  sys temat ics :  The  sudden t rans i t ion  
f rom symmetry  to asymmetry  around 228Ra and 
the s low decrease  of the mass  ra t ios  of the 
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Table 1 
Nucleus X saddle X scission (rnH/mL)exp 
210po 1.0 1.0 1.0 
228Ra 1.11 1.0 1.0/1.5 
232Th 1.40 1.37 ± 0.06 1.46 
236U 1.39 1.43 i 0.09 ] .46 
240pu 1.44 1.43 ± 0.09 1.40 
244Cm 1.42 1.39 i 0.07 1.32 
248Cf 1.37 1.37 ±0.06 1.31 
252Cf 1.33 1.33 i 0.03 1.33 
252Em 1.20 1.34±0.05 1.29 
256No 1.10 1.32 ~ 0.04 
260Ku 1.0 1.32 ± 0.04 - 
Theoretical  est imates and experimental values of the 
mass ratios of f ission fragments in the actinide region. 
Column 2: Values of X [eq. (5)] evaluated at the second 
saddle point in the minimized energy, surface. Column 
3: Average values of X in the scission region (see text). 
Column 4: Experimental peak-to-peak ratios of the 
fragment mass distributions, taken from ref. [13]. {No 
difference has been made between pre-  and post-neu- 
tron emission measurements.)  
nuc le i  heav ier  than 240pu are  wel l  re f lec ted  in 
these  resu l t s .  
As  a conc lus ion ,  we can  say,  that  there  is  a 
c lear  she l l  s t ruc ture  in de format ion  energy  a l so  
with respect  to re f lec t ion -asymmetr ic  shape  
d is tor t ions .  Inc lud ing th i s  ef fect ,  the ca lcu la ted  
he ights  of the f i ss ion  bar r ie rs  in the ac t in ide  re -  
g ion can  be apprec iab ly  improved.  An es t imate  
shows,  that  the asymmetr ics  found have  a l so  the 
cor rect  magn i tude  in o rder  to exp la in  the exper -  
imenta l  mass  ra t ios  of the  f i ss ion  f ragments .  
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P ro fessor  V. S t ru t insky  fo r  many s t imu la t ing  
d i scuss ions  dur ing  the i r  s tay at the N ie ls  Bohr  
Ins t i tu te  in Copenhagen.  We thank  the SANDOZ 
A.G. ,  Base l ,  for  the  grant  of computat iona l  t ime 
on an UNIVAC 1108. 
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